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Synopsis 
The purpose of this study has been to 
explore the use of super-parametric finite elements 
for the determination of buckling loads for plates 
and shells. FoP this, it was necessary to develop 
the geometric stiffnews matrix for the shell 
element. In addition to this, it was necessary 
to choose a numerical method for the solution of 
the large scale eigen value problem that arises 
from the formulation. The sub-space iteration 
method was chosen for its versatility in handling 
large scale problems, but it was found that the 
standard technique broke down because of the 
presence of positive and negative eigen values. 
The paper describes how the method was modified 
to overcome this problem. Results are given for 
comparative studies on the buckling loads of both 
plates and shells. 
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1. INTRODUCTION 
In the analysis of structural systems for their 
buckling and dynamic behaviour the solution of the general­
ized linear eigenvalue problem in Equation 1, is required 
AX :l.BX ( 1) 
In buckling problems, the Equation 1 is written 
KX ).GX ( 2 )  
where K ,  G are the elastic and geometric stiffness matrices 
respectively, ). is the load factor on the basic applied load 
system and X is the modal displacement vector. 
In dynamic problems the Equation 1 is of the form 
KX w2l-IX (3) 
where K, M are the elastic stiffness matrix and the consistent 
mass matrix respectively, w2 is the frequency of vibration 
and X the mode shape. The banded nature of the matrices can 
be used to advantage and this is taken into consideration 
in the application of Equation 2 to plate and shell buckling 
problems. 
Because of the size of the matrices involved (for 
a large structure, the number of degrees of freedom may be 
several thousand) , any solution technique must be efficient 
and involve out of core file handling. Most techniques aim 
at finding only a small number of the (lowest) eigenvalues 
of the system. Furthermore, they are generally iterative 
techniques which improve on an approximate assumed solution. 
One such technique is the determinant;. search solution (Ref. 4). 
·.. 
,·· 
This method establishes an ite-ration sequence based on the 
value of the determinant of the matrix (K ·- :l.G) for successive 
values of :l.. It represents a very efficient technique for 
in-core solutions. However, for solutions requiring out-of­
core file storage, the technique is quite inefficient, as 
repeated factorizations of (K - ).G) are required. 
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Several methods of solution for the standard 
eigenvalue problem Equation 4 are available. 
AX AX (4) 
For example, inverse iteration, Jacobi iteration, 
Householder - QR - reduction. The disadvantage with any of 
these is that the matrix G is always banded and hence the 
transformation to Equation 4 leads to a full matrix. In 
dynamics problems with a lumped mass approach, this difficulty 
does not arise as the transformation does not lead to a full 
matrix as the mass matrix is diagonal. 
A further possibility is the Rayleigh-Ritz method 
(Ref. 6). In this method a set of Ritz basis vectors is 
selected, one vector being required for each eigenvalue. 
The basis vector may be obtained from a set of static analyses 
under independent load patterns. These vectors are used to 
reduce the order of the K and G matrices by using the properties 
of the Ritz quotient. The accuracy of the solution depends 
on how well the eigenvectors can be expressed as linear 
combinations of the Ritz basis vectors. 
Thus a requirement for a satisfactory solution is 
the selection of load patterns which yield displaced shapes 
of the same general form as the eigenvectors. 
In this paper results are presented for buckling 
analyses using the subspace iteration algorithm developed 
by Bathe and Wilson (Ref. 3). This theory was developed for 
use in calculation of natural frequencies.
, 
The modification 
necessary for its application to critical load analysis is 
given in this paper. The relative efficiency of the method 
is discussed in (Ref. 3). The algorighm is compared with 
the determinant search method. Generally speaking the latter 
is more efficient for problems with small band width. For 
example consider the problems shown in Table 1. In all 
problems, 5 eigenvalues are required. 
2. 
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TABLE l 
Comparison of Sub-space Iteration Operations 
with Triangular Factorization 
Problem Number of Equivalent Triangular 
Bandwidth Factorizations for Same Number 
of Operations as Sub-space Solution 
20 35 
40 18 
100 6 
400 2 
THEORY OF THE SUB-SPACE ITERATION METHOD 
In mathematical terms, the objective is to find the 
p lowest eigenvalues and corresponding eigenvectors of 
Equation 2 (i.e. KX = AGX). 
Consider first the solution for one eigenmode (with 
the lowest eigenvalue). The method is iterative with successive 
terms given by 
Kx r yr-1 (Sa) 
Yr Gx r (Sb) 
and hence 
xr+1 K
-1Gx r (Sc) 
If this scheme is followed, the vector xr converges to the 
eigenvector and the ratio of corresponding terms on two cycles 
converges to the eignevalue. The validity of this statement 
rests on one of the basic properties of a set of eigenvectors. 
That is, providing a vector xr is not orthogonal to all eigen­
vectors that span the space, it may be expressed as a linear 
combination of them. 
That is, express xr' 
X r 
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In Equation 6, ci is a scalar coefficient and ei the ith 
eigenvector. 
(6) 
Suppose the starting vector in equation Sa is x1, 
then from the condition in Equation 6, 
However, since ei are the eigenvectors, 
A. G e. l l 
Hence, from Equation Sc, 
After r cycles, 
Hence, 
and, 
X r 
From Equations 11 and 
[
.!._
) 
r- 1 
. e. 
Ai 1 
c m 
..,. X r+1 
12, 
A m 
e + m 
1 
A r-
1 
m 
1 c 
A r m 
X r 
xr+1 
n 
l: 
i=l 
I m 
m em 
c. l 
(7) 
( 8) 
(9) 
e. l (10) 
(11) 
(12) 
(13) 
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The disadvantage with the above scheme is that the 
vectors xr and xr+J need to be known simultaneously. This may 
be a problem in large systems where storage capacity in the 
computer becomes a restriction. The method adopted by Bathe 
& vlilson, (and outlined below) , overcomes this by reducing 
the dimension of the problem from order n (the order of the 
matrices K and G) to a lower order q. For example, in a case 
where the first five eignevectors are required of a system of 
perhaps 
reduced 
products 
is, from 
However, 
Also, 
thousands of degrees of freedom, the 
problem may be 
}? Kx and T X r r r 
Equation 11 
X r 
X T r K X r 
using Equation 
T K X X r r 
ten. To achieve this, 
Gxr' formed during the 
8, 
a r 
;;--m 
e m 
a 2 r T K -.\ - e e m m m 
a 2 
r T G 
-.\ - e e m m m 
a 2 r eT G e -.\
- m m m 
Combining Equations 14 and 15, 
order of the 
consider the 
iteration. That 
(14) 
{15) 
(16) 
This procedure can be implemented very efficiently as the 
matric products required can be formed at the same time as the 
iteration sequence Equations 5 is carried out. 
That is, 
T K T X X X Yr-1 r r r (17) 
and 
T G T X X X Yr r r r (18) 
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The above algorithm can be adapted to the case for which 
several eigenvalues are required. This is done by orthogonal­
ization of the iteration vectors at each step. In this way the 
first vector converges to the eigenvector corresponding to the 
lowest eigenvalue. Since the second vector is kept orthogonal 
to this vector it cannot be expressed as a linear combination 
of terms involving the first eigenvector, and it therefore 
converges to the pth eigenvector. A satisfactory method of 
orthogonalization of the vectors is to use the eigenvectors of 
the reduced system, 
(19) 
as transformation vectors on the original xr. The following 
limitations apply to this scheme, 
(a) The solution procedure fails to find the lowest 
eigenvalue if the assumed starting vector is 
orthogonal to the first eigenvector. 
(b) The solution procedure fails if K is singular. 
In most structural applications K corresponds to 
the elastic stiffness matrix and for a stable 
structure is not singular. 
(c) The solution procedure fails if the ratio (
A
��
n 
)
r 
does not approach zero for all values of i. l 
The possibility of this situation occurs v1hen there 
are negative values of Ai' and such that, 
- A. l 
Ref. 3 deals with application of the method to dynamics problems 
and for this application the G matrix is usually diagonal 
(lumped masses), and the eigenvalues are all positive. 
In the stability problem the special case of equal 
roots of opposite sign arises and the above theory must be 
refined to accommodate this situation. The common case where 
this occurs is in shear buckling of rectangular plates. In 
such a situation changing the sign of the shear obviously does 
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not change the problem so there must be pairs of equal positive 
and negative roots. The theory now proceeds as follows. 
As before, Equation 5c 
and let 
whence, 
-1 K G 
That is, including now an equal pair of positive and negative 
roots of same absolute minimum value, 
1 n c. (G e+ - c2 e
-1 + L: 1 X � x-:- e. 2 l m m; i=l 1 m 1 
(20) 
I m 
In Equation 19, e+, e are the eignevectors corresponding to m m 
Am and (- Am) the equal pair of minimum roots. 
On the rth cycle, 
That is, 
As in the previous case, as r + � 6 + 0 
Thus, 
Now assume r is odd 
X r 
1 + r-1 _ [ l 
r-1 
[ 
l Am em + (-1) Sem 
r + -1 e + Se J l m m 
( 21) 
( 22) 
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and 
(23) 
By comparing Equations 21 and 22 with Equations 11 and 12 it 
can be seen that in contradiction to the earlier theory, the 
eigenvalue is not given by the ratio of like terms in xr, xr+1• 
One method of calculating the eigenvalues is to 
compare the xr on every second cycle. 
That is, 
Thus from Equations 21 and 23 
( 24) 
(25) 
This has the disadvantage that x and xr must be available at 
the same time. A similar alternative procedure is used as in 
Equation 16. 
That is, 
However, 
X r 
c2 
[l_
_) 
r- 1 
[e 
+ + Se- 1 ) 
T 
K [e 
+ + Se 
+
) 
1 /! · m m m m 
m 
+ + 
K e� ± I.G e�, 
+ 
and since em and em are eigenvectors of KX 1-GX, the product 
Thus, 
e m 0 
T X K X r r A n c
2 
l [Lr-l [e+T 
A 2 m m 
For the next cycle, 
T A c 2 r�r xr+1 K xr+J m l \)'ml 
so that, 
T K 2 X 
A r m T K xr+J 
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+ 132 -T G e
�
] G e + em m 
(e+T G + + 132 -T G e
�
] e e 
\ m m m 
xr 
xr+1 
xT G x is not required. It r r 
(26) 
In this evaluation the product 
is still required, however, in 
Equation 19. A final step is 
the eignevectors e� and em. 
the orthogonalization process, 
required in the calculation of 
11ultiply Equation 22 by Am. Then except for the constant 
multiplier, 
The constant multiplier is of no concern since Equations 26 
(26a) 
(26b) 
are normalized so that the largest amplitude is equal to unity. 
3. REV! E\� OF THE USE OF THE SUPERPARArlETRIC ELEtlE�JT 
FOR SHELL AND PLATE STRUCTURES 
The superparametric element was first put forward 
by Ahmad, Irons and Zienkiewicz in Ref. 1, and such a formul­
ation of the general isoparmetric element lends itself to the 
shell problem with aribtrary shape and boundaries. Two 
disadvantages are apparent with the isoparanetric elenent in 
relation to shell analysis. Firstly, ill-conditioned equations 
are likely because of the large stiffness of the element across 
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the shell. Secondly, the element appears to have too many 
degrees of freedom (a 20 node 3-D-brick generates a 60 x 60 
stiffness matrix) . The superparametric element uses lines 
through the shell v1ith five degrees of freedom at a node 
(namely three displacements and two rotations) . The original 
element as presented in Ref. 1 proved to be quite satisfactory 
for moderately thick plates and shells. However, poor results 
were reported for thin plate problems. Two independent 
investigations, Zienkiewicz and Taylor & Too (Ref. 16) and 
Pawsey and Clough (Ref. 11) , provided a means to overcome the 
problem. The nature of the displacement interpolation functions 
is the main cause of th poor performance. The functions used 
lead to high shear strains under simple bending deformations. 
The technique of reduced integration imposes constraints of 
zero shear at the integration points. This leads to a less 
stiff element with consequent improved performance. Ahmad, 
Anderson and Ziekiewicz (Ref. 2) an·d Hofmeister & Everson 
(Ref. 9) both used the element in vibration analysis problems. 
In Ref. 10, Irons and Razzaque give a more concise explanation 
of the problem with thin shell performance of the original 
element. The nature of the displacement functions is such that 
the shear strains are represented by a higher degree polynomial 
than the direct strains. In contrast to this, the shear 
component of the total energy is quite small. Because of this 
spurious shears are introduced. Rather than use the reduced 
integration technique Ref. 10 imposes the constraints of zero 
shear at the Gauss points to reduce the number of degrees of 
freedom of the element. In Ref. 7 Cook advocates the use of 
reduced integration and an internal node to improve thin shell 
results and results reported therin compare favourably with 
those in earlier papers. Hinton et al, Ref. 8 simplify the 
theory of the shell to develop a plate element. This reduces 
the computational effort to develop the stiffness matrix. 
Chang-K-on Choi (Ref. 5) applies the concept of the non-conforming 
element developed by Wilson (Ref. 17) , to the superparametric 
element. A wide variety of additional shape functions are 
examined and as a result of this investigation recommendations 
are made regarding the most advantageous modes to be added. 
11ost improvement is obtained by adding four modes to the 
transverse displacement and two to the in-plane displacements. 
Using this technique even the four node linear element gives 
-11-
good results. In the present study the element has been used 
with reduced integration as this still appears to be the 
simplest technique to produce satisfactory element behaviour. 
4. DERIVATION OF ELASTIC AND GEOMETRIC STIFFNESS 
MATRICES 
The following discussion is restricted to the eight 
node superparametric element. All nodes lie in the middle of 
the shell. 
4 
FIGURE 1 8 node - superparametric element 
The cartesian coordinates of any point are a function of the 
nodal coordinates and normals and the curvilinear coordinates 
of the point. 
That is, 
X (27) 
The vector v3 at any point on the mid-surface may be obtained 
in several ways. Thus if corresponding points on both external 
surfaces of the shell are known, the normal is obtained by 
subtraction of the coordinate values. If two in-plane vectors 
are known, the cross-product gives the normal. A third 
possibility is to input nodal normals. This method is useful 
if many of the nodal normals are in the same direction. 
Displacements at any point in the shell are given in a similar 
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way. In addition to the basic nodal translations two rotations 
are defined at each node as indpendent degrees of freedom. The 
rotations are about a pair of axes v1, v2 in the mid-surface 
plane, and are orthogonal to v3• 
Thus, 
u 
= �� 
[� + 
� 
e
] 
It is required to calculate local derivatives at any point 
within the shell to generate both K and G the elastic and 
geometric stiffness matrices. 
(28) 
The curvilinear derivatives are obtained directly from 
Equation 2 8. 
That is, 
T 6 T 
�Nt,: 2 �NF,; 
� 
�
T 6 T 
u<,;n6 N 2 �Nn 
e 
0 J., �T N 
Write this equation 
u<,;n6 
A transformation rule exists to transform curvilinear to 
cartesian derivatives, viz. 
where P inverse of the Jacobian. 
A further transformation is used to obtain local 
derivatives at any point from the global derivatives. 
That is, 
(29) 
(30) 
( 31) 
J 
ux'y'z' 
Combining 
ux'y'z' 
-13-
GT U G xyz 
= GT p 
[
_
�s) G 
By rearranging Equation 33, it is possible to write, 
where 
-T ux'y'z' 
ux'y' z' 
(32) 
( 33) 
(34) 
(35) 
If the r.h.s. of Equation 34 is also reordered, the 
free displacements at each node point (3 translations, 2 
rotations) may be grouped together, so that 
(36) 
(37) 
Then Equation 34 becomes, 
ux'y'z' = Hr ( 38) 
Matrix H is a (9 x 40) matrix and can be conveniently partitioned 
H 
H 2 (39) 
where each sub-matrix is a (1 x 40) row matrix. 
If Green's strain tensor is written, 
where 
E . .  l.J 
E: . . l.J 
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� l'u . .  + u. ·) l.,J J,l. 
( 40) 
(4la) 
(4lb) 
It is seen that the values of the strain tensor at a point in 
local derivatives is given from Equations 38 and 41 to be 
(including only the terms relevant to the buckling analysis). 
E I X 
H 5 
H2 
+ H4 
:::·::J 
and for the non-linear strains 
T)' H
T 
HI X 1 
n' H
T H y T 2 2 � r (H� y�y H 2 
+ (HT 7 
+ HT H + HT H 4 4 7 
+ HT H + HT H 5 5 8 
+ HT H J (H� + 2 
H 8 
+ HT H ) 8 7 
(42) 
7 
8 (43) 
+ HT HJ H r a r 5 T) 
It is assumed that the local X', Y' directions lie in the plane 
of the shell surface. 
5. EXPRESSION FOR ELASTIC AND GEOMETRIC STIFFNESS 
The method used herein follows that of Ref. 12. 
Only a brief outline is contained herein. 
The expression for virtual work for surface forces 
(Tn + �Tn) for a displacement o�r, increment o�E:ij is given. 
� 
' 
- 1 5 -
(44) 
If the term o�Eij is substituted from Equation 40, the r.h.s. 
of Equation 44 may be written, 
f ( sij + ns. ·1 Oll.Eij dV I + I + I Vol l.J, 0 1 2 3 
where, 
I 1 f s . .  ME .. dV 
Vol 
l.) l.) 0 
I f s . .  Mnij dV 2 
Vol 
l.) 0 
I f M . .  ME .. dV 3 
Vol 
l.) l.) 0 
The conventional elastic stiffness is obtained from I3, 
Consider case i 
Then 
Similar expressions 
j 
E 
l-\!2 
x. 
hold for 
expression is written, 
I 
= f T a 3 Vol 
This is the elastic stiffness 
Consider now the integral I2, 
all i, j. When combined, 
[D] dU �r Mr a 0 
matrix for the element. 
(45) 
(46a) 
(46b) 
(46c) 
(47) 
the 
(48) 
Again, use i 
s llnij XX 
8xx llnij 
When all such 
I J 
Vol 
where 
I2 
j = X 
\ s llr
T 
XX 
8xx [H� H I 
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[H
T H I I 
+ HT H .. 
+ 
.. 
terms are combined, 
§ 
(H� H H
T HT HT H�) 0 2 .. 7 
0 
s 
:xyl XX § 
s yx yy 
HT H .. .. + H
T H )llr 
7 7 
+ HT H J 7 7 
HI 
0 0 H 2 
§ 
0 
H 
.. 
0 
§ 
H 5 
H 
7 
H 8 
llr ollr 
dV llr ollr 0 (49) 
(50) 
The integral, I1 represents an equilibrium correction term and 
is calculated to be, 
I 
I 
Combining Equations 38, 49 and 41, 
(K + G) llr = R - f 
dV Ollr 
0 
(51) 
(52) 
6. EXAMPLES 
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6.1 Solution of Cylinder Buckling Problem 
Consider the case of an axially compressed cylindrical 
shell. This problem has been analysed using a 3 x 6 grid for 
one quarter of the cylinder. Automatic generation of nodal 
normals has been used, and the resulting surface models the 
cylinder to within ± 0.03%. 
where 
That is, the equation of the middle surface is 
f1 max 
-2 
± 0.03 X 10 . 
The cylinder dimensions are shown in Fig. 2. 
E = 200kN/mm2 
v:: 0,3 
FIGURE 2 : Finite element model of cylindrical shell 
For comparison purposes, theoretical results presented 
in Ref. 15 are used. These give a relationship between a non­
dimensional parameter ¢ and the ratio �/rna. 
Where <P 0 
ocr Compressive stress at buckling 
� Cylinder length 
-18-
a Cylinder radius 
m r.1ode shape identifier for the axial direction. 
To facilitate comparison, a small program was written 
to provide accurate theoretical results for any test cases 
desired. 
Comparative results for critical load, and mode shape, 
are presented in Table 2. The values for mode shape are the 
maximum relative displacements in the directions specified. 
It can be seen that the results for the buckling load show 
good agreement (the difference is equal to 0.19%). 
TABLE 2: Comparison of Shell Buckling Loads 
Value Timoshenko & Gere Finite Element 
0 cr 1. 8171 1. 8206 
Hade Axial -0.0746 -0.074 
Shape 
Hax. 
i1ispls. Tangential -0.5025 -0.5 
Radial 1.0 1.0 
6.2 Solution of the Plate Shear Buckling Problem 
This example illustrates the use of the equal eigen­
value analysis theory discussed in Section 2. The solution 
consists of an infinite pair of values, each pair consisting 
of values of equal magnitude and opposite sign. 
Fig. 3. 
For example, consider the square plate shown in 
The solution for the buckling of this plate is 
0 - k -- -_ (TI2EJ (h) 2 cr kv2 b 
where 
-19-
a Critical shear stress cr 
k Numerical factor 
E,v Young's Modulus, Poisson's Ratio 
h Plate thickness 
� 
Plate width. 
k is a function of aspect ratio and order of the 
eigenvalues. 
Theoretical results for this problem are available in the 
literature (Ref. 14). The square plate shown in Fig. 3 has 
been analysed using a 4 x 4 grid for the full plate, with 
both the conventional subspace iteration method, and the 
modified version. The results of these analyses, and the 
theoretical analysis, are shown in Table 3. 
-
J 
I. - b 
FIGURE 3 Finite element plate mesh 
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TABLE 3: Plate Buckling Loads 
k k 1 2 
Theory (Ref. 15) 9.35 12.4 0  
Uod. Subspace 9.86 1 2.76 
Conv. Subspace 38.00 x.a 
The mode shapes obtained from the modified method are 
shovm in Figs. 4 and 5. These agree VTi th theoretical results. 
The mode shape obtained by conventional analysis depends on 
the cycle number VThen convergence VTas achieved. The shapes 
for odd and even cycles are shoVTn in Figs. 6 and 7. By a 
suitable addition of these modes t"he correct modes may be 
obtained. This illustrates the theory given in Section 2. 
6.3 The Case of a Rectangular Plate 
under Axial Compression 
The plate geometry, and mesh type are shoVTn in Fig. 8. 
Thick plate solutions are available in the literature (Ref. 13) 
and have been used for comparative purposes. 
Results are presented in terms of the parameters m 
and n, VThich identify the number of VTaves in the mode for the 
buckled shape nominated. 
The parameter k is similar to the k in Example 1. 
The increases in percentage error in those modes VTith a high 
VTave number is typical, as the displacements allowable in 
each element are less able to model these more complex shapes. 
Improved mesh refinement gives more acceptable values. 
- 2 1 -
FIGURE 4 Plate buckling mode, positive eigenvalue 
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FIGURE 5 Plate buckling mode, negative eigenvalue 
- 2 3 -
FIGURE 6 Odd-cycle convergence mode 
- 2 4 -
FIGURE 7 Even-cycle convergence mode 
m 
2 
3 
1 
4 
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TABLE 4: Results for Plate Buckling Analyses 
n kthin 
k
thick 
k
f.e. 
1 4 3.952 3.973 
1 4.69 4.603 4.741 
1 6.25 6.204 6.1185 
1 6.25 6.067 7.574 
I· a= 1200 
% Error 
0.54 
3.0 
1.4 
24.8 
0 
0 
>0 
II 
..c 
FIGURE 8 Mesh for plate under axial compression 
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7. CONCLUSION 
In this paper, the super-parametric shell element has 
been used for the calculation of buckling loads for selected 
plate and shell problems. It has been shown how the geometric 
stiffness matrix is calculated for this element. In the 
subsequent eigenvalue analysis using the sub-space iteration 
technique, it is pointed out that equal positive and negative 
costs are likely to occur which will destroy the solution if 
not accounted for. The modification of the sub-space iteration 
method necessary to achieve the required results is developed. 
The results show good agreement with those obtained 
by other techniques and it is hoped that the method can be 
extrapolated to more complex situations where simple analyses 
are not available. 
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